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Abstract
In this paper, we study the significance of the UY(1) Chern-Simons term in
general, and its baryonic contribution in particular, for the evolution of the
matter asymmetries and the hypermagnetic field in the temperature range
100GeV≤ T ≤ 10TeV. We show that an initial helical hypermagnetic field,
denoted by B
(0)
Y , can grow matter asymmetries from zero initial value. How-
ever, the growth which is initially quadratic with respect to B
(0)
Y , saturates
for values larger than a critical value. The inclusion of the baryonic contribu-
tion reduces this critical value, leading to smaller final matter asymmetries.
Meanwhile, BY (TEW ) becomes slightly larger than B
(0)
Y . In the absence of
the UY(1) Chern-Simons term, the final values of matter asymmetries grow
without saturation. Conversely, we show that an initial matter asymmetry
can grow an initial seed of hypermagnetic field, provided the Chern-Simons
term is taken into account. The growth process saturates when the matter
asymmetry drops abruptly. When the baryonic contribution is included, the
saturation occurs at an earlier time, and BY (TEW ) becomes larger. We also
show that the baryonic asymmetry and the magnetic field strength can be
within the acceptable range of present day data, provided the inverse cascade
process is also taken into account; however, the magnetic field scale obtained
from this simple model is much lower than the ones usually assumed for
gamma ray propagation.
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1 Introduction
The origin of matter is still one of the great mysteries of nature. There is
observational evidence that the matter in the present day Universe is the
remnant of a small matter-antimatter asymmetry ηB ∼ 10−10 in the early
Universe, i.e. just before the primordial plasma entered the hadronization
phase. The value of this asymmetry has been determined independently in
two different ways: first from the abundances of light elements in the inter-
galactic medium [1], and second from the power spectrum of temperature
fluctuations in the Cosmic Microwave Background (CMB) [2]. The obser-
vational discovery of the cosmic expansion [3] and CMB [4] strengthens the
big bang theory which asserts that the Universe was hot during its early
stages [5], and antimatter was present when pair creation and annihilation
processes were in thermal equilibrium. As the temperature decreased in the
plasma of the early Universe, almost all of the particles and antiparticles
were annihilated and a small amount of matter remained. The discovery of
C, P [6] and CP [7] violation raised the possibility that the matter-antimatter
asymmetry may have been created dynamically by baryogenesis, as well as
leptogenesis, from an initial state which is matter-antimatter symmetric. In
a seminal paper, Sakharov stated three necessary conditions for successful
baryogenesis which are: the existence of baryon number violation processes,
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C and CP violation, and deviation from thermal equilibrium [8]. The idea
of baryogenesis was elevated by the paradigm of cosmic inflation [9] which
states that the Universe had an accelerated expansion in its very early his-
tory explaining its spatial flatness and the isotropy of the CMB temperature.
Therefore, any preexisting baryon asymmetry was diluted and negligible at
the end of inflation [10].
A seemingly unrelated but important discovery, which can be rightfully
called another great mystery of nature, was the detection of a long range
magnetic field coherent over scales of the order of 30 Kpc with a strength of
order µG over the plain of the disc of the Milky Way galaxy [11]. Interest-
ingly, similar magnetic fields have been observed in other spiral and barred
galaxies [12–14] as well as galaxy clusters [15–17] and high redshift proto-
galactic structures [18]. It is generally believed that these magnetic fields
are produced from the amplification of some seed fields [19] whose strength
and origin are largely unknown [11, 20]. The fact that the magnetic fields
are present ubiquitously at high redshifts, strengthens the idea that their
origin is cosmological, and magnetic fields may have pervaded the Universe
in its hot early stages [18]. The presence of coherent magnetic fields in the
low density intergalactic medium, which has been reported recently [21–26],
supports the idea of primordial magnetism as well.
Assuming that the seed fields are primordial, they should have been gen-
erated out of thermal equilibrium [27]. Therefore, most of the scenarios
presented for the generation of the seed fields in the early Universe oper-
ate either at a phase transition [28–34] or during the inflation [35–41]. The
inflationary mechanisms have received a lot of attention, since they have
the advantage of achieving super-horizon correlations and therefore gener-
ate much more coherent magnetic fields in the early Universe. However, the
conformal invariance of the electromagnetism leads to the conservation of
the magnetic flux [35], and hence the strength of generated magnetic fields
decreases exponentially due to rapid expansion of the inflationary Universe.
Various mechanisms have been proposed to solve this problem by breaking
the conformal invariance [42]. In most of these scenarios, the generated mag-
netic fields are helical as well (e.g. from axion dynamics during inflation).
The helical magnetic fields further evolve experiencing the inverse cascade
process which increases their scale in the radiation-dominated era after in-
flation. In this work, we assume that the helical magnetic fields are present
in the symmetric phase.
It is well known that at high temperatures, non-Abelian long range mag-
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netic fields cannot exist because their corresponding gauge bosons obtain a
magnetic mass gap ∼ g2T [43]. Thus, the only long range magnetic field
surviving in the plasma is associated with the Abelian U(1) group whose
vector particle remains massless [44]. Moreover, electric fields decay quickly
due to the large conductivity of the plasma. In the symmetric phase, the
hypercharge fields couple to the fermions chirally. This leads to the fermion
number violation through the Abelian anomaly, ∂µj
µ ∼ g′2
4pi2
EY.BY. Here,
g′ is the UY(1) gauge coupling [45]. The anomalous coupling of the hyper-
charge fields to fermion number densities appearing in the above equation,
also shows up as the UY(1) Chern-Simons term.
At high temperatures and finite fermion densities, the Chern-Simons
terms emerge in the effective Lagrangian densities of SU(2)L and UY(1)
gauge fields due to their chiral couplings to fermions [45–47]. The UY(1)
Chern-Simons term leads to the appearance of a new anomalous term in the
magnetohydrodynamic equations which are subsequently called the anoma-
lous MHD (AMHD) equations [45, 48]. As mentioned earlier, the evolution
equations of the anomalous charge densities acquire a hypermagnetic source
term as well (the Abelian anomaly). The mutual effects of the fermions
and hypermagnetic fields on each other might have major effects in cosmol-
ogy [45, 47–49]. As a matter of fact, some authors believe that the evo-
lutions of matter-antimatter asymmetries and the hypermagnetic field are
intertwined [45,47,48,50–59].
There exist nG global charges, i.e. Ni = B/nG − Li, which are exactly
conserved in the Standard Model. Here, nG is the number of generations, B
is the baryon number, and Li is the lepton number of the i-th generation.
Assigning nG chemical potentials µi, i = 1, ..., nG to these charges, and also
introducing µY corresponding to the weak hypercharge which will be fixed
due to the hypercharge neutrality of the plasma, 〈Y 〉 = 0, one can describe
the electroweak plasma in complete thermal equilibrium [60].
It was discussed years ago that right-handed electrons which have a very
small Yukawa coupling with Higgs bosons he = 2.94× 10−6 and do not take
part in any weak interaction, are decoupled from the thermal ensemble at
temperatures above TRL ∼ 10 TeV [61]. This is due to the fact that, in this
range of temperatures, the rates ΓRL ∼ h2eT of the relevant reactions1 (direct
1It is discussed in the third paper of Ref. [61] that some gauge and fermion scattering
processes (such as eRH ↔ LeA, where A = Y or W , and eRLf ↔ LefR) also contribute
to the chirality flip rate of electrons.
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and inverse Higgs decays in processes eLe¯R ↔ φ(0) and νLe e¯R ↔ φ(+) and their
conjugate processes) are much lower than the Hubble expansion rate H ∼ T 2.
Thus, neglecting the Abelian anomaly, the right-handed electron number is
partially conserved and its associated chemical potential can be added to the
aforementioned nG + 1 = 4 (for 3 generations) chemical potentials of the
electroweak theory [45].
Considering the above fact, the authors of [61] suggested the following
scenario in which, a right-handed electron asymmetry might preserve a pri-
mordial baryon asymmetry from the weak sphalerons: At temperatures above
TRL,
2 the weak sphalerons could not wash out the asymmetry of right handed
electrons, and therefore that of baryons. However, at temperatures below
TRL, the chirality flip processes turn the right-handed electrons into left-
handed leptons, while roughly at these temperatures, the weak sphalerons
gradually start to fall out of equilibrium.3 Thus, it was conjectured that
they might not be able to transform the left-handed leptons into antiquarks
to wipe out the remaining baryon and lepton asymmetry [61].
Afterwards in related works, the authors of [45,50–53] assumed the pres-
ence of the large scale hypermagnetic fields in the plasma, and considered the
Abelian anomalous effects for right-handed electrons, which led to the gener-
ation of baryon and lepton asymmetries. The reverse effect has been studied
by assuming an asymmetry for right-handed electrons while considering the
Abelian anomalous effects. This situation gives rise to the generation of long
range hypermagnetic fields, when the full range of frequency spectrum for
the hypermagnetic field is taken into account [48].
In our previous work [63], we studied the simultaneous evolution of baryon
and the first generation lepton asymmetries, and long range hypermagnetic
fields, considering the Abelian anomalous effects. For that purpose, we pre-
sented the general form of the UY(1) Chern-Simons term which showed how
chemical potentials of various fermion species contribute to it with different
coefficients (see Eq. (2.7) of Ref. [63]). Most importantly, we emphasized that
the chemical potentials of right-handed and left-handed particles contribute
with opposite signs to the coefficient of the UY(1) Chern-Simons term, in
contrast to what has been used in some of the previous works. In order
to explore the consequences of this one correction, we used a simple model
2In the first paper of Ref. [61], the value of TRL was computed as TRL ' 1TeV.
3More accurate computations for the temperature at which the weak sphalerons fall
out of equilibrium has been done recently [62].
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presented in one of these works as a testing ground and implemented our
correction, while keeping all other main assumptions of the model unaltered
so that the results would be comparable. We then compared our results
with theirs. The simplifying assumptions implemented in the model were
the following: Only the contribution of the first generation leptonic chemical
potentials to the UY(1) Chern-Simons term were considered and that of the
baryonic ones was ignored. Only the electron chirality flip processes via in-
verse Higgs decays were considered.4 These processes violate chiral electron
numbers and tend to reduce the electron chiral asymmetry,5 especially when
they enter into thermal equilibrium below TRL. Moreover, the Higgs asym-
metry was assumed to be zero6 and also the weak sphaleron processes were
neglected.7
As mentioned earlier, the evolution of matter asymmetries and hyper-
magnetic fields are strongly coupled, since they have mutual effects on one
another through the Abelian anomaly and the UY(1) Chern-Simons term.
However, in some of the previous works, the Chern-Simons term is neglected
and it is assumed to be a negligible backreaction process with unimportant
effects on baryogenesis and magnetogenesis. Moreover, some other former
studies which have considered this Chern-Simons term, have neglected the
baryonic contribution to it. The main purpose of this paper is to explore the
detailed consequences of taking the UY(1) Chern-Simons term into account.
To be more precise, we compare the simultaneous evolutions of matter asym-
metries and hypermagnetic fields with and without taking the Chern-Simons
term into account. Moreover, we explore the consequences of including the
contributions of baryonic chemical potentials to this term, along side with
the usual leptonic contributions. To accomplish this task, we choose the sim-
ple model presented in Ref. [50] and used in our previous work [63] with the
aforementioned simplifying assumptions, and use it again as a testing ground
which permits us to focus on our main goal. Indeed, including other processes
4None of the chirality flip reactions mentioned in footnote 1 were considered. Indeed,
the inverse Higgs decays were fast enough for our investigations.
5The evolution of electron chiral asymmetry ∆µ = µeR−µeL and Maxwellian magnetic
fields are strongly coupled in the broken phase [64], therefore the value of this asymmetry
before EWPT is important.
6This assumption leads to the absence of any net contribution from direct Higgs decays
to chirality flip processes.
7For some of the issues concerning the weak sphalerons and their consequences see
Section 2.
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such as the weak sphalerons affects the results and therefore prevents us to
identify and focus on the effects of our desired terms. We solve the set of
coupled differential equations for the baryon and the first-generation lepton
asymmetries, and the hypermagnetic field for various ranges of initial condi-
tions in the temperature range 100GeV≤ T ≤ 10TeV, and wherever possible
compare the results with those of our previous study.
The outline of our paper is the following. In Section 2, we obtain a
simplified form for the coefficient of the UY(1) Chern-Simons term containing
the baryon and the first generation lepton chemical potentials. In Sections 3
and 4, we derive the dynamical equations for the hypermagnetic field as well
as the baryon and the first generation lepton asymmetries by considering the
Abelian anomaly equations and the inverse Higgs decay processes, and using
the simplified coefficient of the UY(1) Chern-Simons term obtained in Section
2. In Section 5, we solve the set of coupled differential equations for fermion
asymmetries and the hypermagnetic field numerically and display the results.
We also use the conventions discussed in Appendix A of Ref. [56], and the
anomaly equations summarized in Appendix B of that reference. In Section
6 we summarize the results and state our conclusions.
2 Static Chern-Simons Terms
In the static limit, one can use the method of Dimensional Reduction to
obtain the effective action for the soft SU(2)L and UY(1) gauge fields in which
the Chern-Simons terms cEnCS and c
′
En
′
CS emerge, respectively [65,66]. Here,
the Chern-Simons densities nCS and n
′
CS are given by [47]
nCS =
g2
32pi2
ijk(A
a
iG
a
jk −
g
3
fabcAaiA
b
jA
c
k),
n′CS =
g′2
32pi2
ijkYiYjk,
(2.1)
where Aaµ and Yµ are the SU(2)L and UY(1) gauge fields, and G
a
µν , Yµν , g and
g′ are their relevant field strength tensors and gauge couplings.
Let us define the notations needed in the expressions for cE and c
′
E. Since
the non-Abelian gauge interactions are in thermal equilibrium at all temper-
atures of interest [56], they produce a strong driving force to equalize the
asymmetries carried by different components of a given multiplet. There-
fore, we can let µQi denote the common chemical potential of up and down
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left-handed quarks with different colors, µuRi (µdRi) the common chemical
potential of right-handed up (down) quarks with different colors, µLi(µRi)
the common chemical potential of left-handed (right-handed) leptons, where
‘i ’ is the generation index. Then, the general forms of cE and c
′
E as given by
Eqs. (2.4) and (2.7) of our previous study are [63]
cE =
∑nG
i=1
(3µQi + µLi),
c′E =
∑nG
i=1
[
−2µRi + µLi −
2
3
µdRi −
8
3
µuRi +
1
3
µQi
]
,
(2.2)
where nG is the number of generations.
As mentioned in Section 1, the simultaneous evolution of matter asym-
metries and hypermagnetic fields has been studied in some of the previous
works. However, the UY(1) Chern-Simons term has been either completely
neglected or only the contribution of the first generation leptonic chemical
potentials to c′E (as given by Eq. (2.2)) been taken into account and that
of the baryonic ones been neglected. These are precisely the issues that we
want to explore in this paper, namely the consequences of considering the
UY(1) Chern-Simons term and also its baryonic contribution. For this pur-
pose, we choose the simple model used in our previous work [63] as a testing
ground, along with all of its simplifying assumptions including the neglect
of the weak sphaleron processes. These processes, whose properties are well
studied in the absence of the hypermagnetic fields, have very high rates in
the symmetric phase [62] which keeps them in thermal equilibrium and leads
to vanishing of cE as given by Eq. (2.2) (see Table 1 of Ref. [56]). This
puts a constraint on the chemical potentials and strongly affects the scope of
the aforementioned effects that we want to study. Therefore, the inclusion
of weak sphalerons in the model8 adds an unnecessary complication which
8In order to properly include the effects of weak sphalerons in the presence of hyper-
magnetic fields, one can include the term corresponding to the weak sphalerons in the
evolution equations of left-handed fermion asymmetries and let cE evolve freely in accor-
dance with the evolution of its constituents as given by Eq. (2.2). When we do this for
the model under study, we find that cE stays very close to zero in the whole interval;
albeit near the EWPT the effect of the hypermagnetic fields via the Abelian anomalous
effects becomes strong enough to force the system slightly out of equilibrium. Although
the departure of cE from zero is small in this case, its consequences are non-negligible.
However, the extent of this effect is model dependent. We plan to report on the results
of our study which we just alluded to and includes weak sphalerons and other comparable
effects, elsewhere.
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would obscure our results. Hence, the chosen simple model is a proper testing
ground, to which we now return.
The expression for c′E as given by Eq. (2.2) can be simplified by consider-
ing the fast processes operating on the quarks. Assuming that the rates of all
Yukawa interactions for quarks (up-type Yukawa in processes diL+φ
(+) ↔ uiR
and uiL + φ
(0) ↔ uiR; down-type Yukawa in processes uiL ↔ φ(+) + diR and
diL ↔ φ(0) + diR, and their conjugate reactions [56]) are much higher than the
Hubble expansion rate, we obtain
µuRi − µQi = µ0, µdRi − µQi = −µ0, (2.3)
where, µ0 is the chemical potential of the Higgs field. Let us assume that all
up or down quarks belonging to different generations with distinct handed-
ness have the same chemical potential (i.e., µuRi = µuR , µdRi = µdR , µQi =
µQ; i = 1, 2, 3) due to the flavor mixing in the quark sector (see Section 3 of
the third paper of Ref. [61]). Then, we obtain
µuR − µQ = µ0, µdR − µQ = −µ0, (2.4)
Since, we have the simplifying assumption of zero Higgs asymmetry, we get
µuR = µdR = µQ. (2.5)
In other words, assuming zero Higgs asymmetry, the fast processes tend to
equalize all quark chemical potentials. Using Eq. (2.5), we can simplify Eq.
(2.2) in the form
c′E =
∑nG
i=1
[−2µRi + µLi − 3µQ] . (2.6)
Recalling that Nc = 3 and Nw = 2 are the ranks of non-Abelian gauge
groups and nG = 3 is the number of generations, the whole baryonic chemical
potential can be calculated as
µB =
1
Nc
∑nG
i=1
[
NcNwµQi +NcµuRi +NcµdRi
]
= 12µQ. (2.7)
Therefore, the simplified form of c′E in terms of the baryonic and the first
generation leptonic chemical potentials takes the form
c′E = −2µeR + µeL −
3
4
µB. (2.8)
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3 The Evolution Equation for the Hypermag-
netic Field
Let us recall the generalized diffusion equation for the hypermagnetic field
derived from the AMHD equations in our previous work (Eq. (3.6) of Ref.
[63]),
∂BY
∂t
=
1
σ
∇2BY + αY∇×BY, where αY (T ) = −c′E
g′2
8pi2σ
. (3.1)
In the above equation, σ ∼ 100T is the hyperconductivity of the plasma [67],
and c′E is given by Eq. (2.8). Choosing the simplest nontrivial configuration
of the hypermagnetic field, which is
Yx = Y (t) sin k0z, Yy = Y (t) cos k0z, Yz = Y0 = 0, (3.2)
and using it in Eq. (3.1), one obtains the evolution equation for the hyper-
magnetic field amplitude BY (t) = k0Y (t) in the form
dBY
dt
= BY
[
−k
2
0
σ
+
k0g
′2
4pi2σ
(
µeR −
µeL
2
+
3
8
µB
)]
. (3.3)
In the above equation, the coupling of the evolution of the hypermagnetic
field to those of the chemical potentials is apparent. In the next section we
discuss the latter, however let us first obtain the relevant expression for the
Abelian anomaly (∼ EY.BY) appearing in the dynamical equations of the
fermionic asymmetries.
Let us recall the generalized Ohm’s law derived from the AMHD equations
in our previous work (Eq. (3.4) of Ref. [63]),
EY = −V×BY + ∇×BY
σ
− αY BY. (3.4)
Using the above equation with σ = 100T , and αY and c
′
E as given by Eqs.
(3.1) and (2.8), for the simple configuration of the hypermagnetic field given
by Eq. (3.2), the form of the Abelian anomaly simplifies to
EY.BY =
B2Y
100
[
k0
T
− g
′2
4pi2T
(
µeR −
µeL
2
+
3
8
µB
)]
. (3.5)
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4 The Dynamical Equations for the Lepton
and Baryon Asymmetries
In the Standard Model, the UY(1) Abelian anomaly violates the first gener-
ation lepton numbers in the following form:
∂µj
µ
eR
= −1
4
(Y 2R)
g′2
16pi2
YµνY˜
µν =
g′2
4pi2
(EY.BY), (4.1)
∂µj
µ
νLe
= ∂µj
µ
eL
= +1
4
(Y 2L )
g′2
16pi2
YµνY˜
µν = − g
′2
16pi2
(EY.BY),
where Y˜ µν is the dual field strength tensor, and the relevant hypercharges
are YR = −2 and YL = −1. Therefore, the system of dynamical equations
for the corresponding asymmetries, taking into account the Abelian anomaly
Eqs. (4.1) and inverse Higgs decay processes, takes the form9
dηeR
dt
= + g
′2
4pi2s
(EY.BY) + 2ΓRL(ηeL − ηeR), (4.2)
dηνLe
dt
=
dηeL
dt
= − g′2
16pi2s
(EY.BY) + ΓRL(ηeR − ηeL).
In Eqs. (4.2), ηf = (nf−nf¯ )/s with f = {eR, eL, νLe } is the matter asymmetry,
s = 2pi2g∗T 3/45 is the entropy density of the Universe and g∗ = 106.75 is the
number of relativistic degrees of freedom. ΓRL is the rate of inverse Higgs
decay reactions, and the factor 2 multiplying it in the first line is because
of the equivalent rates of reaction branches (eLe¯R → φ(0) and νLe e¯R → φ(+)
and their conjugate processes). Since the SU(2) gauge interactions are very
fast, ηeL ≈ ηνLe and the evolution equation of the neutrino asymmetry is
unnecessary.
Let us define the variable x = t/tEW = (TEW/T )
2, in accordance with
the Friedmann law, where tEW = M
∗
Pl/2T
2
EW and M
∗
Pl = MPl/1.66
√
g∗ is
the reduced Planck mass. Then, ΓRL = Γ0(1 − x)/2tEW
√
x with Γ0 = 121
[50, 51, 61]. Recalling the equation nf − nf¯ = µfT 2/6 for fermions, and
defining yf = 10
4µf/T , the fermion asymmetry will be ηf = 10
−4yfT 3/6s.
Using Eq. (3.5), Eqs. (4.2) can be rewritten in terms of the variables yf in
9We have used Appendix B of Ref. [51] but with the assumption of zero Higgs asym-
metry. See also Eq. (2.6) in Section 2.1 of Ref. [55] for the general form of the equations.
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the following form
dyR
dx
=
[
B0x
1/2 − A0yT
](BY (x)
1020G
)2
x3/2 − Γ0 1− x√
x
(yR − yL),
dyL
dx
=
−1
4
[
B0x
1/2 − A0yT
](BY (x)
1020G
)2
x3/2 − Γ0 1− x
2
√
x
(yL − yR),
(4.3)
where,
B0 = 25.6
(
k0
10−7TEW
)
, A0 = 77.6, and yT = yR − yL
2
+
3
8
yB. (4.4)
We have chosen the overall scale of B0 and A0 to normalize the hypermagnetic
field at 1020G.
In the Standard Model, the anomalous processes change the baryon asym-
metry ηB = (nB −nB¯)/s as well as the lepton asymmetry of each generation
ηLi = (nLi − nL¯i)/s, respecting the conservation law ηB/3− ηLi = constant.
Using this fact for the first generation asymmetries, one can obtain the evo-
lution equation of the baryon asymmetry in the form,
1
3
dηB
dt
=
dηeR
dt
+
dηeL
dt
+
dηνLe
dt
, or
1
3
dyB
dx
=
dyR
dx
+ 2
dyL
dx
, (4.5)
where yB = 4 × 104pi2g∗ηB/15 is the scaled baryon asymmetry. Finally, we
use Eqs. (4.5) and (4.3) to obtain,
dyB
dx
=
3
2
[
B0x
1/2 − A0
(
yR − yL
2
+
3
8
yB
)](
BY (x)
1020G
)2
x3/2. (4.6)
We also rewrite Eq. (3.3) in terms of x and the variables yf to obtain
dBY
dx
= 3.5
(
k0
10−7TEW
)[
yT
pi
− 0.1
(
k0
10−7TEW
)√
x)
]
BY (x), (4.7)
where yT is given by Eq. (4.4).
5 Results
The simplified form of the UY(1) Chern-Simons coefficient c
′
E is given in Eq.
(2.8) and affects the evolution equations (4.3), (4.6), and (4.7) through αY
12
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Figure 1: The time plots of the first-generation leptonic asymmetries ηR =
ηeR and ηL = ηeL = ηνLe , baryonic asymmetry ηB, and the hypermagnetic
field amplitude BY for k0 = 10
−7TEW with initial conditions B
(0)
Y = 10
21G
and zero initial matter asymmetries for two different cases.
Case 1 (dashed lines): α
(0)
Y =
g′2
8pi2σ
(2µeR − µeL).
Case 2 (solid lines): αY =
g′2
8pi2σ
(2µeR − µeL + 34µB).
The starting point is at T0 = 10 TeV, x0 =
t0
tEW
= (TEW
T0
)2 = 10−4 and the
final point is at Tf = TEW , xf =
tf
tEW
= (TEW
Tf
)2 = 1. Case 1 is obtained from
our previous work [63] and is reproduced here for comparison. The maximum
relative error for these plots is of the order of 10−20.
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as given by Eq. (3.1). In this section, we study the effect of the Chern-
Simons term on the evolution of matter asymmetries and hypermagnetic
fields for a variety of initial conditions. To accomplish this task, we compare
the results for three different choices of αY , namely α
(0)
Y =
g′2
8pi2σ
(2µeR − µeL)
(absence of the baryonic contribution), αY =
g′2
8pi2σ
(2µeR−µeL+ 34µB) (as given
by Eqs. (3.1) and (2.8)), and cαY where c = {0, 0.1, 0.2}, i.e. attenuated
Chern-Simons term, with a given set of initial conditions. Moreover, k0 is set
to kmax = 10
−7TEW which is the maximum wave number surviving Ohmic
dissipation.
5.1 Matter Asymmetry Generation by Hypermagnetic
Fields
First, the evolution equations are solved numerically by assuming zero ini-
tial matter asymmetries but an initial amplitude of the hypermagnetic field
B
(0)
Y = 10
21G for two different cases, namely α
(0)
Y =
g′2
8pi2σ
(2µeR − µeL) and
αY =
g′2
8pi2σ
(2µeR − µeL + 34µB). The results are presented as time plots in
Figure 1. As can be seen, in both cases, matter asymmetry generation oc-
curs in the presence of hypermagnetic fields; however, the final values of the
asymmetries at the onset of EWPT for the second case are almost 7 times
smaller than those of the first case. Moreover, the hypermagnetic field am-
plitude behaves nearly the same with a little more increase in its final value
for the second case. For the rest of this subsection we use αY as given by
Eqs. (3.1) and (2.8), that is including the baryonic contribution.
Let us examine the importance of the UY(1) Chern-Simons term via at-
tenuating its effect by multiplying it with an adjustable parameter c ≤ 1.
We numerically solve the evolution equations with the aforementioned initial
conditions for three different values of c : {0.2, 0.1, 0} and present the results
as time plots, along with the case c = 1 obtained earlier, in Fig. 2. Figure 2
shows that the smaller the value of c, the larger the matter asymmetries and
the weaker the hypermagnetic field at TEW . The case c = 0 also shows that
the hypermagnetic field is able to generate substantial matter asymmetries
through the Abelian anomaly even in the absence of the UY(1) Chern-Simons
term. Therefore, taking into account the UY(1) Chern-Simons term leads to
a severe decrease in the generated matter asymmetries but a very small in-
crease in the strength of the hypermagnetic field, all at T = TEW .
Let us return to our first investigation but change B
(0)
Y in the range
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Figure 2: Top figures: The time plots of baryonic asymmetry ηB and the
hypermagnetic field amplitude BY for k0 = 10
−7TEW with initial conditions
B
(0)
Y = 10
21G, zero initial matter asymmetries and attenuated hypermagnetic
helicity coefficient cαY for three different values of c. That is, c = 1 (solid
lines), c = 0.2 (dashed lines), and c = 0.1 (dotted lines). Bottom figures: The
time plots of the first-generation leptonic asymmetries ηR = ηeR (dashed line)
and ηL = ηeL = ηνLe (solid line), baryonic asymmetry ηB (dotted line), and
the hypermagnetic field amplitude BY in the absence of the UY(1) Chern-
Simons term (c = 0). The maximum relative error for these plots is of the
order of 10−16.
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1017G < B
(0)
Y < 10
22G. We have solved the equations and obtained the final
values of the matter asymmetries and the hypermagnetic field amplitude at
T = TEW . We do not display the results for space limitation, and suffice it
to point out the salient features of this investigation. This investigation is
analogous to the one done in our previous work (Fig. 2 of Ref. [63]) and the
results are qualitatively similar. That is, the final asymmetries increase ap-
proximately quadratically for B
(0)
Y . 1019.5G and saturate for B
(0)
Y & 1020.5G.
However, the saturated values are about 7 times smaller than those of our
previous work where we used α
(0)
Y . The amplitude BY stays relatively un-
changed except for B
(0)
Y & 1020G, where it increases slightly above its initial
value, indicating a mild resonance effect.
Next, we repeat the above investigation in the absence of the UY(1)
Chern-Simons term by setting c=0. Interestingly, we observe that the fi-
nal asymmetries again increase quadratically with increasing B
(0)
Y due to the
Abelian anomaly without any saturation. Moreover, the final value of BY
decreases slightly as compared to its initial value B
(0)
Y .
5.2 Hypermagnetic Fields Growth by Matter Asym-
metries
In continuation, we examine the possibility of producing a hypermagnetic
field from initial matter asymmetries, when no initial seed of the hypermag-
netic field is present in the plasma. We observe that no hypermagnetic field
with simple wave configuration as given by Eq. (3.2) can be generated. The
following integral form for the evolution equation of the hypermagnetic field
amplitude (4.7) clarifies that the amplitude stands at zero if its initial value
is zero:
BY (x) = B
(0)
Y exp
[
3.5k0
10−7TEW
∫ x
x0
(
yT (x
′)
pi
− 0.1k0
10−7TEW
√
x′
)
dx′
]
,
where yT (x
′) = yR(x′)− yL(x
′)
2
+
3
8
yB(x
′).
(5.1)
In the next step, we examine the possibility to grow a very weak seed
of the hypermagnetic field, e.g. B
(0)
Y = 10
−2G, by initial baryon and right-
handed electron asymmetries which respect the constraint η
(0)
B /3− η(0)Le = 0.
We solve the evolution equations with y
(0)
R = 10
3 for two different cases, i.e.,
α
(0)
Y =
g′2
8pi2σ
(2µeR − µeL) and αY = g
′2
8pi2σ
(2µeR − µeL + 34µB), and display the
16
10-4 0.001 0.010 0.100 1-0.0001
0.0000
0.0001
0.0002
0.0003
x
η R
10-4 0.001 0.010 0.100 1
0.00000
0.00002
0.00004
0.00006
0.00008
0.00010
0.00012
0.00014
x
η L
10-4 0.001 0.010 0.100 1
0.0000
0.0002
0.0004
0.0006
0.0008
0.0010
x
η B
10-4 0.001 0.010 0.100 110
-4
1
104
108
1012
1016
1020
x
B
Y
Figure 3: The time plots of the first-generation leptonic asymmetries ηR =
ηeR and ηL = ηeL = ηνLe , baryonic asymmetry ηB, and the hypermagnetic
field amplitude BY , for k0 = 10
−7TEW with initial conditions B
(0)
Y = 10
−2G,
and y
(0)
R = 10
3 and η
(0)
B respecting the condition η
(0)
B /3 − η(0)Le = 0 for two
different cases.
Case 1 (dashed lines): α
(0)
Y =
g′2
8pi2σ
(2µeR − µeL).
Case 2 (solid lines): αY =
g′2
8pi2σ
(2µeR − µeL + 34µB).
The maximum relative error for these plots is of the order of 10−15.
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time plots in Fig. 3. As can be seen, in both cases, the hypermagnetic field
becomes strong in the presence of the initial matter asymmetries. Although
the final amplitude of the hypermagnetic field for the second case is about 5
times larger than that of the first case, the final baryon asymmetry is about
40 times smaller as compared to the first case. Moreover, the anomalous
processes which reduce the asymmetries and amplify the hypermagnetic field,
start up much sooner in the second case, i.e. near the point x ∼ 0.04.
Let us again investigate the significance of the UY(1) Chern-Simons term,
whose coefficient is given by Eq. (2.8), via reducing its effect by multiplying
it with the adjustable parameter c ≤ 1. We have solved the dynamical
equations with the aforementioned initial conditions for three different values
of c : {0.2, 0.1, 0} and the resulting time plots, along with the case c = 1
already obtained, are presented in Fig. 4. Again, it can be seen that as the
value of c becomes smaller, the final matter asymmetries increase, but the
final hypermagnetic field amplitude decreases. More importantly, the case
c = 0 shows that even large matter asymmetries are not able to strengthen
the hypermagnetic field in the absence of the UY(1) Chern-Simons term.
Finally, we solve the dynamical equations with B
(0)
Y = 10
−2G, y(0)R in the
range 10−2 < y(0)R < 10
3 and initial baryon asymmetry fulfilling the condition
η
(0)
B /3− η(0)Le = 0, and obtain the final values at T = TEW . Again we do not
display the results for space limitation, and suffice it to point out the salient
features of this investigation. We find that for 10−2 < y(0)R < 10
1.52, the
final value of the hypermagnetic field amplitude BY grows until it becomes
as large as 1020G, then increases with a much smaller slope for 101.52 <
y
(0)
R < 10
3. Moreover, the matter asymmetries stay very close to zero except
for 101 < y
(0)
R < 10
2, where ηB and ηL attain a maximum and ηR attains
a negative minimum value close to y
(0)
R ≈ 101.55. The behavior described
above is somehow similar to the behavior observed in the fifth investigation
of our previous work except that, there was no negative value for the final
value of ηR, and the matter asymmetries reach their extremum values around
y
(0)
R ≈ 102.55. Two interesting points can be emphasized about the results:
The first one is that at y
(0)
R = 10
1.52 strong hypermagnetic field and large
amounts of matter asymmetries are obtained at T = TEW . Another one is
that at y
(0)
R = 10
1.56 the final amount of ‘ηR − ηL’ becomes maximum. This
chiral asymmetry is important for the evolution of Maxwellian magnetic fields
in the broken phase [64].
We also repeat the above investigation in the absence of the Abelian
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Figure 4: Top two plots: The time plots of baryonic asymmetry ηB and the
hypermagnetic field amplitude BY for k0 = 10
−7TEW with initial conditions
B
(0)
Y = 10
−2G, and y(0)R = 10
3 and η
(0)
B respecting the conservation law η
(0)
B /3−
η
(0)
Le
= 0 for three different values of c, namely c = 1 (solid lines), c = 0.2
(dashed lines), and c = 0.1 (dotted lines). The lower two plots are for the case
c = 0 and show the time plots of the first-generation leptonic asymmetries,
ηR = ηeR (dashed line) and ηL = ηeL = ηνLe (solid line), baryonic asymmetry
ηB (dotted line), and the hypermagnetic field amplitude BY . The maximum
relative error for these plots is of the order of 10−15.
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Chern-Simons term by choosing c = 0. We find that the behavior is totally
different and none of the interesting features of the previous case can be seen.
Indeed, there is no amplification of the hypermagnetic fields. Moreover, the
final baryonic asymmetry is the same as its initial value and the final right-
handed and left-handed lepton asymmetries are equal, with their sum being
equal to η
(0)
R .
6 Summary and Discussion
In this paper, we have studied the effect of the UY(1) Chern-Simons term,
and its baryonic contribution, on the evolution of the matter asymmetries
and the hypermagnetic field, within the context of a simple model and in
the temperature range 100GeV < T < 10TeV. To do the latter, we have
compared the results when the coefficient of the UY(1) Chern-Simons term,
i.e. c′E, includes only the usual first generation leptonic contribution, with
the results when the baryonic contribution is also included. To study the
first part, i.e. the importance of the UY(1) Chern-Simons term in general,
we have studied the effect of multiplying c′E, which now includes the baryonic
contribution, by an attenuating parameter 0 ≤ c < 1. The baryonic contri-
bution added is subject to the condition η
(0)
B /3− η(0)Le = 0. One of the effects
of this condition is to increase the initial magnitude of c′E. Comparison of
the results for the matter asymmetries and hypermagnetic fields with and
without the inclusion of the baryonic contribution shows that the results are
qualitatively similar. The differences, along with the effect of attenuating
the amplitude of the UY(1) Chern-Simons term to the point of eliminating
it altogether, are described below.
We first discuss the generation of matter asymmetries by an initial hyper-
magnetic field. Our study has shown that an initial non-zero hypermagnetic
field can grow matter asymmetries from zero initial value. However, the
growth which is initially quadratic with respect to B
(0)
Y , saturates for values
larger than a critical value denoted by B
(0)
Y,C . Therefore the larger B
(0)
Y,C , the
larger the final saturated values of the matter asymmetries. The values of
B
(0)
Y,C , for the cases with and without the baryonic contribution are approxi-
mately 1020.5G and 1021G, respectively, leading to about seven times smaller
final matter asymmetries in the first case. This comparison also indicates
that B
(0)
Y,C increases with attenuating c
′
E, a conclusion which is confirmed
with the use of attenuating parameter. In this regard, the interesting point
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is that when the Chern-Simons term is eliminated altogether by setting c = 0,
the growth of the matter asymmetries continue to be quadratic with respect
to B
(0)
Y without any saturation, as though B
(0)
Y,C has moved to infinity. On
the other hand, the change in final value of the hypermagnetic field, denoted
by BY (TEW ), is very small in either case. For the case shown in Fig. 1,
when the baryonic contribution is added it increases by 1%, as compared to
0.2% when it is not. Both of these cases are indications of a mild resonance.
Moreover, as the attenuating parameter c decreases, BY (TEW ) decreases as
well, becoming equal to its initial value for c ≈ 0.1, and decreasing by 20%
when c = 0.
Next, we discuss the generation of hypermagnetic field by an initial mat-
ter asymmetry. As mentioned before, the generation of a nonzero BY (TEW )
is possible only if its initial value is non-zero. The time plots show that in
general one can identify a particular time, denoted by tTr, where the impor-
tant transitions start. Figure 3 shows that the inclusions of the baryonic
contribution leads to a decrease in tTr, i.e. the transitions start at a higher
temperature. Moreover, at tTr the matter asymmetries drop rather sharply,
and the growth of the hypermagnetic field, which had been steady hereto-
fore, saturates. For the case displayed, BY (TEW ) becomes about five times
larger when the baryonic contribution is included, while the final matter
asymmetries become about forty times smaller. Figure 4, which displays the
effects of the attenuation parameter, shows that the features just described
are generic consequences of changing the value of c′E. Figure 4 also show
a very interesting case of c = 0. In this case the matter asymmetries do
not change, except for balancing out due to chirality flip processes. More
importantly, the minute the hypermagnetic field seed not only does not grow
but drops by 20%. Another interesting outcome of the investigation which
includes the range 10−2 ≤ y(0)R ≤ 103 is that, when no attenuation parameter
is taken into account, almost all of the matter asymmetries are expended to
grow BY (TEW ). Here the point y
(0)
R ≈ 101.5 stands out around which the rate
of growth of BY (TEW ) suddenly slows down considerably and the final mat-
ter asymmetries attain their extremum values. Surprisingly, the extremum
of ηR is a negative minimum. Hence a relatively large chiral asymmetry is
generated at this point, which is important for the subsequent evolution of
the Maxwellian magnetic field in the EWPT and the broken phase. The
corresponding point in the absence of baryonic contribution is y
(0)
R ≈ 102.4.
We mentioned in Section 1 that the baryon asymmetry of the Universe
(BAU) is ηB ∼ 10−10 as extracted from the observational data. Let us also
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briefly state some features of the observational data about the magnetic fields,
and then check the compatibility of our results with these data.
The observations of the CMB temperature anisotropy put an upper bound
on the strength B0 of the present magnetic fields, B0 . 10−9G on the CMB
scales λ0 & 1Mpc [68]. Furthermore, the observations of the gamma rays
from blazars not only provide both lower and upper bounds on the strength
B0, but also indicate the existence of the large scale magnetic fields with the
scales as large as λ0 ' 1Mpc [25, 26, 69]. The strength B0 of the present
intergalactic magnetic fields (IGMFs) reported in [25] is B0 ' 10−15G. Two
different cases are also investigated in Ref. [26]. In the first case, where
blazars are assumed to produce both gamma rays and cosmic rays, they find
1 × 10−17G < B0 < 3 × 10−14G. However, in the second case where the
cosmic ray component is excluded, they report that the 10−17G lower limit
remains valid but the upper limit depends on the spectral properties of the
source. Reference [69] estimates the strength of the IGMFs to be in the
range B0 ' 10−17 − 10−15G, which is consistent with the above mentioned
results of [25, 26]. Moreover, a nonvanishing helicity of the present large
scale magnetic fields is also infered with the strength B0 ' 5.5 × 10−14G in
Ref. [70].
Aside from the cosmic expansion which leads to the trivial adiabatic evo-
lution of the cosmic magnetic fields, several other effects such as the viscous
diffusion, the inverse cascade, the Abelian anomalous effects, etc, affect their
evolution as well. In the trivial case, the strength B(t) and the scale λ(t)
are proportional to a−2(t) and a(t), respectively, where a(t) is the FRW scale
factor. However, in the inverse cascade mechanism, λ(t) grows faster than
a(t) due to the turbulence in the plasma [54]. In this case, the magnetic
helicity is approximately conserved but the energy is transferred from small
scales to large scales [71], and the spectrum develops with a characteristic
scaling law [72]. After recombination, the plasma becomes neutral and the
magnetic fields evolve trivially. One can use the scaling relation to express
the spectrum of the primordial magnetic fields in terms of λ0 and B0 as (see
Ref. [54] and Appendix C of Ref. [55])
B(T ) ' (1× 1020G)( T
100GeV
)7/3(
B0
10−14G
)gB(T ),
λ(T ) ' (2× 10−29Mpc)( T
100GeV
)−5/3(
λ0
1pc
)gλ(T )
(6.1)
where gB(T ) and gλ(T ) are O(1) factors. The following linear relation can
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also be obtained for the magnetic fields that have experienced the inverse
cascade process [73,74]
λ0
1pc
' a B0
10−14G
, (6.2)
where the range of a is inferred to be from O(0.1) to O(1) [55]. Let us now
use these inverse cascade results to see whether our results are compatible
with the observations.
The inverse cascade mechanism that we want to invoke in the broken
phase, needs magnetic helicity in order to operate efficiently. So, let us
first investigate whether our helical hypermagnetic field leads to a heli-
cal Maxwellian magnetic field after the electroweak phase transition, via
calculating the magnetic helicity before and after the symmetry breaking.
In the symmetric phase, the hypermagnetic helicity is defined as Y.BY,
where the overline represents the volume average. We calculate this quan-
tity for our simple wave configuration of the hypermagnetic field and obtain
Y.BY = Y.BY = k0y
2(t) = B2Y (t)/k0. During Standard Model electroweak
symmetry breaking, 3 out of 4 gauge fields of SU(2)L× U(1) acquire mass,
i.e. W± and Z, while one combination, i.e. photon, remains massless. A
thorough study of this evolution in the plasma of the early Universe is be-
yond the scope of this work. Therefore, we choose the following simple model
presented in Sec. 2 of Ref. [55] which assumes that the system passes abruptly
from the symmetric phase to the broken phase (in a way similar to that of
Ref. [75]). Then, we can estimate the strength B and the magnetic helicity
A.B of the magnetic field after the symmetry breaking. Let us recall the
relations:
Zµ = cWW
3
µ − sWYµ,
Aµ = sWW
3
µ + cWYµ,
(6.3)
where sW and cW are the sine and cosine of the weak mixing angle θW , and
s2W = 0.23. It can be seen that the hypermagnetic field BY has components in
both BZ and BA. As the Higgs condensate grows at the EWPT, the W and Z
fields get mass and decay. Following the simple model presented in Ref. [55],
we assume that the Z component of BY decays rapidly at the EWPT. There-
fore, the BZ component of BY vanishes and the electromagnetic component
BA remains. Moreover, the thermal expectation value 〈W aµ 〉 = 0, since in
the symmetric phase the non-Abelian gauge fields W aµ (x) acquire mass from
their self-interactions in the plasma [43] and are screened. Then, we obtain
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the electromagnetic component in the form, E = cWEY and B = cWBY.
This means that the strength decreases by about 10% (B ' 0.88BY ) and the
magnetic helicty decreases around 20% (A.B ' 0.77 Y.BY). Although the
helicity is decreased, the Maxwellian magnetic fields of the broken phase are
still helical. Hearafter, we consider the simplifying assumption of neglecting
the decrease in the magnitudes of these quantities, since it does not signif-
icantly affect our order of magnitude estimates of the strength B0 and the
scale λ0 of present magnetic fields.
Using the relation λ = k−10 , the scale of the hypermagnetic field used
in our investigations is estimated as λ(TEW ' 100GeV) = (10−7TEW )−1 =
6.45 × 10−28pc. Let us first assume that the magnetic fields evolve trivially
from EWPT till present (T0 ' 2K ' 17.2 × 10−14GeV). Then, using the
mentioned relation λ(t) ∝ a(t) ∝ T−1, the present scale of the magnetic
fields is obtained as
λ(T0) = λ(TEW )
(
100GeV
17.2× 10−14GeV
)
' 3.75× 10−13pc, (6.4)
which is much lower than the acceptable scales of present magnetic fields.
When we decrease the wave number k0 to 10
−3kmax, the saturated value of
the baryonic asymmetry mentioned in Subsection 5.1 becomes ηB ' 10−10.
Indeed, no wave number lower than this one can give the BAU in our model.
The scale λ corresponding to this k0 is λ(TEW ) ' 6.45× 10−25pc leading to
λ(T0) ' 3.75× 10−10pc, which is still far from the current scales of magnetic
fields. These calculations show that for obtaining the present large scale
magnetic fields, it is necessary to rely on an inverse cascade process which
starts after the EWPT.
Let us assume that the inverse cascade process is the only nontrivial
process which starts immediately after the EWPT. Then, using Eqs. (6.1),
and Eq. (6.2) with a ' 0.1, we can roughly estimate λ0 and B0 for λ(TEW ) '
6.45× 10−25pc (k0 = 10−3kmax) and B(TEW ) ' 3.225× 1019G to obtain
B0 ' 3.225× 10−15G, and λ0 ' 3.225× 10−2pc. (6.5)
It can be seen that the above value of B0, along with ηB ∼ 10−10 already
used, are within the acceptable range of present day data. However, the
value of λ0 is much smaller than the scale usually assumed for gamma ray
propagation which is about ∼ 1Mpc [25,26,69].
The above results are obtained using a single-mode wave configuration of
the hypermagnetic field which is maximally helical, since its helicity density
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hY = Y.BY = k0y
2(t) is related to its energy density ρY = BY.BY/2 =
k20y
2(t)/2 via the relation k0hY = 2ρY (or equivalently, ρk =
k
2
hk in Fourier-
space). The use of this field configuration seems to be an oversimplification;
however, as we shall argue below, it is adequate for our purposes. As men-
tioned in Sec. 1, a helical magnetic field may have been generated during the
inflation (see also Ref. [76]). Even if the generated field is partially helical, it
would become maximally helical through an inverse cascade mechanism after
the inflation [77]. Nevertheless, let us predict the consequences of choosing
a more complicated initial field configuration; namely, a superposition of the
fields with different values of k0.
To accomplish this task, we first study an analogous case in the broken
phase, which investigates the evolution of the magnetic fields, taking into
account the chiral anomaly [64]. It has been shown that for a continuous
spectrum magnetic field, a very important effect emerges; that is, the ini-
tial spectrum reddens with time, while the total helicity remains (nearly)
conserved, similar to the well studied turbulence-driven inverse cascade phe-
nomenon for the helical magnetic fields. However, in this case, the magnetic
energy and helicity transfer from shorter to longer scales occur not because
of the turbulence but due to the chiral anomaly. In continuation, the authors
of [64] have analyzed a special helical single-mode solution of the system of
chiral MHD equations (exactly like our simple wave configuration), and have
shown that their qualitative conclusions reached in [64] remain valid [78]. In
particular, they have shown an important property of the helical single-mode
solutions in the presence of a homogeneous axial chemical potential, which
is the inverse cascade phenomenon, i.e., the transfer of energy and magnetic
helicity from short to large scales.
Similar works have also been done in the symmetric phase which show
the same effect [52,79]. Indeed, the evolution equations of the hypermagnetic
fields and the fermionic chemical potentials, taking into account the Abelian
anomalous effects in the symmetric phase, are similar to those of the magnetic
fields and the axial chemical potential (∆µ = µL−µR) considering the chiral
anomalous effects in the broken phase. Therefore, it seems that for the su-
perposition of the fields with different values of k0 as an initial configuration,
a fast decay of one helicity mode and an exponential growth of its adjacent
lower helicity mode occurs, while the total helicity remains constant. This
also leads to the total magnetic energy dissipation, since ρk =
k
2
hk for helical
fields. Finally, the helicity concentrates around the longest mode which can
be chosen to be the k0 studied in this paper. Therefore, the study of the
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single-mode can reveal the important features of the system and imply the
behavior of the system in the presence of more complicated configurations of
the hypermagnetic field.
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